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C finite category, matrix Z := (|C(X,Y)|)x,yeob(c):
then w, ¢: ob(C) — Q are weighting on C and co-weighting on C if

D1 Zyy - w(Y) =1V¥X€ob(C), D c(X)-Zxy =1V € 0b(C).
Yeob(C) Xeob(C)

Lemma (Leinster”)

C finite category with weighting w and co-weighting c. Then

Z w(Y) = Z c(X)

Yeob(C) Xeob(C)
Proof: o -
Down= Y D ez |w = Y 0| DL zyew)|= Y 0
Yeob(C) Yeob(C) | Xeob(C) Xeob(C) Yeob(C) Xeob(C)

'T. Leinster, The Euler characteristic of a category, Doc. Math. 13 (2008), pp. 21-49
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Definition (Leinster?)
C has magnitude if it admits weighting w and co-weighting c.
The magnitude of C is x(C) := Xxcob(c) W (X).

Example: Finite group (H, %) as finite category Cy

ob(Ch) =X} = 1= > Zuy - w(¥) =Zxx - w(X)
Yeob(C)

= 1/Zxx =w(X) = x(Ch)

CH(X,X) ={fg: X = Xforg € H}
= Zxx = |H| = x(Cy) =1/IH|

2T. Leinster, The Euler characteristic of a category, Doc. Math. 13 (2008), pp. 21-49
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The indecomposable projectives ind(A-proj) of a finite-dimensional
associative k-algebra A form a category

Theorem (Chuang-King-Leinster3)

Let A be a finite-dimensional algebra with finite global dimension, (S;); the
simple A-modules, S := P, Sj, then

x(ind(A-proj)) = i(—ﬂ” dim Ext} (S, S)

n=0

3J. Chuang, A. King, T. Leinster, On the magnitude of a finite dimensional algebra, Theory and
Applications of Categories 31(3) (2016), pp. 63-72



Magnitude of module categories

Aim: “Replace” ind(A-proj) with ind(A-mod) in

Definition

x(ind(A-proj)) = 3" (=1)" dim Ext} (S, 5)

n=0




Magnitude of module categories

Aim: “Replace” ind(A-proj) with ind(A-mod) in | x(ind(A-proj)) = Z(—n” dimExt] (S, )

n=0

Definition

From here on, A is representation-finite algebra, i.e. there are finitely
many indecomposable A-modules




Magnitude of module categories

Aim: “Replace” ind(A-proj) with ind(A-mod) in

Definition

From here on, A is representation-finite algebra, i.e. there are finitely
many indecomposable A-modules

The Auslander algebra“ of A is Aus(A) := Enda (D ycind(a-mod) M)

“M. Auslander, Representation theory of Artin algebras II, Comm. Alg., 1 () (1974), pp.

269-310

x(ind(A-proj)) = 3" (=1)" dim Ext} (S, 5)

n=0




Magnitude of module categories

Aim: “Replace” ind(A-proj) with ind(A-mod) in

Definition

From here on, A is representation-finite algebra, i.e. there are finitely
many indecomposable A-modules

The Auslander algebra“ of A is Aus(A) := Enda (D ycind(a-mod) M)

x(ind(A-proj)) = 3" (=1)" dim Ext} (S, 5)

n=0

It holds that ind(Aus(A)-proj) = ind(A-mod)°P

“M. Auslander, Representation theory of Artin algebras II, Comm. Alg., 1 () (1974), pp.

269-310




Magnitude of module categories

Aim: “Replace” ind(A-proj) with ind(A-mod) in | x(ind(A-proj)) = Z(—n” dimExt] (S, )

n=0

Definition

From here on, A is representation-finite algebra, i.e. there are finitely
many indecomposable A-modules

The Auslander algebra* of A is Aus(A) := E”dA(@Meind(A-mod) M)
It holds that ind(Aus(A)-proj) = ind(A-mod)°P

Definition

The magnitude of the module category of A is

x(A-mod) := y(ind(Aus(A)-proj))

“M. Auslander, Representation theory of Artin algebras II, Comm. Alg., 1 () (1974), pp.
269-310



Hereditary path algebras

Definition

Dynkin diagram of type ...

Api 1—2— ... —n
1—2—...—n-2—n-1
Dp:
n
1—2—3—4—5
E62 ‘
6
1—2—3—4— 55
Ev: ‘
7
1—2—3—4—5—6—17
Eg: ‘
8

Appear in Lie theory
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Hereditary path algebras

Theorem (Bgrve—H-Kalck)

Let Q be a Dynkin quiver of type A

The Coxeter number of A is

__ lindecomposable kQ-modules|

ha 1= rank(Ko(kQ-mod))

Then x(kQ-mod) = hp — 1. Explicitly:

Dynkin type | A, Dy Ee | E

x(kQ-mod) | n | 2n-3 | 11 | 17

29




Summary

Magnitude = Generalization of Euler characteristic

Magnitude of finite category:

X©€) = > wX)

Xeob(C)

Magnitude of finite-dimensional algebra:

00

x(ind(A-proj)) = Z(—1)” dim Ext} (S, S)

n=0
Magnitude of module category:

X (A-mod) = y(ind(Aus(A)-proj))
Q Dynkin quiver of type A, then

X(kQ-mod) = ha(Q) -1

Thank you for your attention!



