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> Assume k algebraically closed.
» Q= (Qo, Q1,s,t) finite quiver, d € NQp.

> R(Q.d) =D, ,;cq, Homk(Vi, Vj) with the usual base change action of
Ga = [Lieq, GL(VA).

> By = [[;cq, B(di) a Borel subgroup of Gy.

R(Q,d) is spherical if there exists an open By-orbit.
< By acts on R(Q,d) with finitely many orbits.

Idea:

» Translate the problem of By-orbits back to Gg-orbits.
» Work with the roots of Q.
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The leg extended quiver

Example:
Q: e——re—e d=(2,3,2)
2 3 2 =
Qq : T—>T—>T d=(1,2,1,2,3,1,2)
le 2 le

» add d; — 1 vertices Vi € Qg

» add arrows pointing upwards

We call a representation V of Qg of dimension vector d of flag type if all "new
arrows" are represented by injective maps. = R7%(Qyq, d)




Associated fibre bundles

Lemma: There exists a Gz-equivariant isomorphism
R™E(Qq,d) ~ G3 x5 R(Q.d).

In particular, By-orbits in R(Q,d) correspond bijectively to Gg-orbits in
Rﬂag(Qd,d).
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Thm[Kac]:
1. J indecomposable representation of @ of dimension vectord < d € A

2. dinfinitely many isomorphism classes of such representations < d € Aﬂ’r".

Call e gentle if ¢; < --- < ¢, along each leg, and in every step, e
increases at most by one.

Corollary: R
G acts on R22(Qq, d) with only finitely many orbits if and only if there exists

no gentle imaginary root e with e < d.
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Classification

Thm:
1. If Q is Dynkin, then there are no imaginary roots and A
n- 1
A=A°={aecZQ|(a,a)=2} I 11 1
: : Dy
2. If Q is euclidean, then 1 5 __2.<1
; 1 1
A" ={né,n € Z\ {0}}
A" ={a € ZQ|(a,a) =2}, wheredis
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These are not spherical:

Lemma: If By acts on R(Q,d) with infinitely many orbits, then the same holds
for all e with e > d.
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Connected sum

f

@ is a connected sum of full subquivers Q" and Q" along i € Qo

QUQRF =Q and
QNQy ={i} and

QNQ=0.
| Example: | o o o
N \, <
./ \‘. % ./ \‘.

[ A connected sum of quiver settings (Q,d) is called thin if d; = 1.
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