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Warm-up: Integer solutions in boxes

n,d € N
P e Z[Xy,...,X,] homogeneous of degree d (form)
~ Proj. variety V = {P = 0} c P{, .

Study cardinality of

N (B) = {(ul oo uy) € PPH(Q) lui| < Bforallie {1,...,n},}

P(ul,...,un):O



Warm-up: Integer solutions in boxes

N (B) = {(ul Do tu,) € PTTHQ)

lu;] < Bforallie{1,...,n},
P(ui,...,up) =0

o =dim{x € A¢ : VP(x) = 0}.

Theorem (Birch 1962)

Ifn —o > (d—1)2¢ then
#N(B) = cB" % 4 O(B"~%7%)

for some explicit constant ¢ and some ¢ > 0.



“Geometry governs arithmetic"

Conjecture (Manin 1989)

X/k smooth projective Fano variety over a number field &

Assume X (k) Zariski dense

H : X (k) — R0 be a height function on X.

Then there is some nonempty Zariski-open U C X such that

Ny(B) ~ cx g B*(log B)?™*

as B — oo.

where a > 0, p = rk Pic(X). The constant cx g > 0 is the predicted leading
constant (refined by Peyre).There are counterexamples: One may also have to

remove "thin sets".



The Clebsch cubic surface in R?

0=281(z"+4° + 2% — 189(:172(3/ +2)+ vzt )+ 2P+ y))
+ bdxyz + 126(xy + yz + 2x) — 9z + 9> + 22) =9z +y+ 2) + 1.

Visualization of bounded-height rational points on the Clebsch surface, outside the 27 lines.
Credit: U. Derenthal and O. Labs, CC BY-SA 3.0.



From rational to integral points

P2 P2\ D
Rational points: easy Integral points: hard
P3, [x:y: 2] U="P*\D, D:?+y*+28=0.

Counting rational points of height < B Integral points on U correspond to
counts primitive lattice points in a box:
23 4P 4 2% = 41,

2 . 4 3
#X € P(Q) : H(X) < B} ~ @B : so, after changing all signs if necessary,

3 3 3 _
‘no restrictions on m3+y3+z3,‘ ¥ty +z27=1




Campana points

Kp2 = —3H, D~ 3H.

K[P:2+DNO.

So the affine open is log Calabi-Yau - No general prediction for count of
integral points!

Hence

no restrictions on z% + ¢ 4 23 | < o v (23 4+ + 2%) = 0 for all p.

m € Zso, | 777 =|vp(a® +4° + 2%) e {0} U {m,m +1,m+2,...} forallp
Campana points




Powerful integers

k € Z,m € N,p prime

We say k is m-full if p | k = p™ | k for all p.

Every integer is 1-full.
1000 = 23 - 53 is 2-full and 3-full.
72 = 23 . 32 is 2-full but not 3-full.



Counting powerful solutions

PeZ[Xy,..., Xl

M= (ma,...,my) € Z2,.

lu;l < Bforallie{1,...,n},
Nog (B) == (ur -+ ) € P"NQ)| Plug, .. up) = 0

u; mi-full for all i € {1,...,n}.

Conjecture by Pieropan-Smeets-Tanimoto-Varilly-Alvarado (2019) predicts

asymptotic in the spirit of Manins conjecture!



Previous results

Squarefull solutions of linear forms

M=(2,....2),P=X1 + -+ Xp_1 — Xn.
Non(B) ~ ¢- B™=2/2if o, > 5 (Van Valckenborgh 2011)
Nop(B) < B3/5-3/1555+¢ if , — 3 (V.V.-Browning 2012, Heath-Brown 2026)

Powerful solutions of diagonal forms

M= (my,...,Mp),m1 < - <mp, P=c1 X¢+ - 4+, X4, ¢; € L.
Nox(B) ~ ¢- BLima0/m)=Vif g = 1 and ¥, 4, 1/ (mi(m; + 1)) > 1
(Browning-Yamagishi 2019)

Nop(B) ~ ¢ - B2iz1(/m)~d for ¢ > 1 and similar sum condition.
(Balestrieri-Brandes-Kaesberg-Ortmann-Pieropan-Winter 2023)
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New results

P = Zln:/(li ClX(lfl)dH - Xy SUppOSG m1 = minm;.

mil=--=mgq Mmay1=""=MmM24
Case (i) cy X1 -+ Xg+ca Xgp1 -+ Xog+ ... (equally weighted terms)
m1 ma m3 M4

Case (ii): c1 X1 X3 4+c2 X3 X4 +... (degree 2 bihomogeneous)

Theorem (U. 2026+)

Case (i): Non(B) ~ eBXi /™)~ if Sl b > 14 oL

(+ smaller conditions)

TN "1 my)—2; /d 1 1
Case (ii): NS)JT(B) ~ CBZI:I( /ms) if Z?#l 220117211 (my1 —1+mg —1) > L4 my

(+ "enough equal weighted terms")
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Ideas, methods and difficulties

hl,...,hnGZ;so,
Ny (B)=1Q (h1::hy) € PN Q)| |hi| < (B/)Y™ forallie{1,...,n},
F(hy,... ,hy) =0

Well suited for application of circle method. (Multidimensional Vinogradov
mean value estimates)

Difficulties:
Lopsided boxes of summation if the m; are arbitrary
Good dependence on «; in error terms needed
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