
Categorifying orthosympletic Kazhdan–Lusztig
polynomials

Ben Mills

University of York

30 Oct 2025



A parable



An alternative parable



Silly shephards

N FinSet

categorification

de-categorification

• | V ⨿W |=| V | + | W |
| V ×W |=| V | · | W |



Jones polynomial

• In the 1980’s Jones created a polynomial that was invariant
under Reidemeister moves.

• It is not a complete invariant and it cannot detect the unknot.

• Khovanov ‘categorified’ the Jones polynomial by creating a
cochain of graded vector spaces, Hn

n.

• The Jones polynomial appears in the cohomology of this cochain.

• This can detect the unknot.



Generalised Khovanov arc algebras

• Brudan-Stroppel generalised this algebra, Hm
n , and

associated it and it’s quasi-hereditary cover to blocks of
parabolic cateogry O(m,n).

• Related to the category of perverse sheaves on the
Grassmannian of m-dimensional subspaces in an
(m+ n)-dimensional complex vector space.
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• Ehrig-Stroppel generalised this generalised algebra into
type D as well.
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Diagrammatic Hecke category



Kahzdan-Lustzig polynomials

• In 1979, Kazhdan and Lusztig introduced the
Kazhdan-Lusztig basis of the Hecke algebra of a Coxeter
system. The base change matrix between the standard and
the Kazhdan-Lusztig basis to be given by a set of
polynomials nµ,λ(q).

• There are many places these polynmials appear all over
Representation Theory.
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Kahzdan-Lustzig polynomials

• In 1987, Deodhar introduced parabolic Kazhdan-Lusztig
polynomials. These polynomials are defined starting from
the choice of a Coxeter group, a standard parabolic
subgroup and a sign.

• In 1990, Deodhar proposed a (non-recursive) combinatorial
approach to studying these polynomials.

• Elias-Williamson and Libedinsky–Williamson categorified
the anti-spherical Kazhdan–Lusztig polynomials by
interpreting them as composition factor multiplicities of
simple modules within standard modules for the
anti-spherical diagrammatic Hecke category, H(W,P ) over C.

• This proved the famous Kazhdan–Lusztig positivity
conjecture

• Williamson also used this structure to find an explicit
counter-example to Lustzig’s conjecture over Fp.
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Maximal parabolic of type (Dn, An−1)

• Take the Weyl group An−1, the subgroup of Dn (⩽ Cn)
generated by the reflections {s1, s2, ....., sn−1}.

0

1
2 3 n−2 n−1

• We can visualise the cosets PW of this subgroup via their
action permuting n labels from {∧,∨}.

• In particular si acts by permuting the labels in position i
and i+ 1 for 1 ⩽ i ⩽ n− 1.

• s0 permutes and flips (through the horizontal line) the
labels in the first and second positions



Example

• For example for n=4, s2 acts as

∧ ∧
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The diagrammatic Hecke category

Definition
Define the Soergel generators to be the framed graphs

for reflections σ, τ ∈ Sw for m(σ, τ ) = 2. Diagrams made by
concatenation are called Soergel diagrams.

The diagrams represent morphisms between Soergel bimodules.

Definition
The Hecke category, H(W,P ), is spanned by all Soergel diagrams
generated by the graphs above modulo a (medium) set of
relations. The relations come from the Coxeter-Dynkin diagram
of (W,P ).
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What can we say about the structure of H(W,P )?

• Labels of the highest weight modules:

{∆(µ)| µ ∈ PW}

• Labels of the simple modules:

{L(λ) | λ ∈ PW, }

• Decomposition matrix:

nµ,λ(q) =
∑
k∈Z

[∆(µ) : L(λ)⟨k⟩]qk

is uni-triangular wrt the partial ordering of G(W,P ).
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Calculating Type D Kazhdan–Lusztig
polynomials



Cup diagrams

• This origin of this combinatorics starts with
Lascoux-Schutzenberger and more concretely with Cox-De
Vishcer and Lejczyk-Stroppel.

• To a weight µ ∈ PW we create a cup diagram by drawing
cups and strands underneath µ.{

, , ,

}
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Oriented cup diagrams
• A cup diagram is oriented if:

• For all undecorated cups one label points into the strand
and one points out.

• For all decorated cup connect nodes either both labels point
in or both labels point out of the strand.

• Every decorated cup or strand must be able to be deformed
to the left edge.

• Any strand from a ∧ node must be decorated.
• Any strand from a ∨ node must not.

• For example:
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Oriented cup diagrams

• Define the degree of a cup diagram D to be:
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Neutral elements

• For µ ∈ PW we want to construct the unique maximal cup
µ of degree zero.

♯
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∨∨
}

• There is a nice algorithm for us:
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Flip it

• Every oriented cup diagram of degree k is created by
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Generators

• So calculating Kazdhan–Lustztig polynomials (or
equivalently composition factors of highest weight modules
in the Hecke category) is really only the simple matter of
flipping cups in the diagram µµ.

• It would be ‘nice’ if this cup flipping could control even
more....
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Generators

Definition
We say λ = µ− p when λλ and µµ differ by the flipping of a single
cup p.

Theorem (M. 25+)
The algebra H(Dn,An−1) is the associative k-algebra generated by the
elements

{µλ | λ, µ ∈ PW with λ = µ− p for some p ∈ µ} ∪ {µµ | µ ∈ PW}

modulo (a medium set of) degree two relations.

• This gives us a purely combinatorial presentation of H(Dn,An−1)

that is positively graded, quadratic, modulo relations that are
defined entirely on the cup diagrams. Over a field, this gives an
Ext-quiver presentation.

• This presentation allows us to define an explicit isomorphism
into the generalised Khovanov arc algebra of type D, Dn.

We hope to utilise this to provide a faithful quasi-hereditary
cover for Dn.
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Structure of highest weight modules

• This also presentation tells us another way to compute the
full submodule lattice of any highest weight module too

• There are nice properties for the structure of ∆(µ):

• The radical filtration coincides with the grading layers.
• One dimensional simple socle L(µn), indexed by a unique

element of maximal degree µn.
• One dimension simple head L(µ).
• An extension only when you can ‘flip’ one cup to get

between two cups diagrams:
We have edges

Ln(µ) −→ Ln(ν)

in an Alperin diagram whenever µ = ν ± p for some p ∈ ν or
p ∈ µ.

• Reminder: the composition factors [∆(µ) : L(µ)]⟨k⟩ give us
the Kazdhan-Lusztig polynomials.
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