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Polynomial ldentities

1 Introduction

Notation and conventions:

= F is a field of characteristic zero;

= A is an associative algebra;

= X :={x1,X2,...} is a countable set;

= F(X) is the free associative algebra over F generated by X.
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Polynomial ldentities

1 Introduction

Notation and conventions:

= [ is a field of characteristic zero:

= A is an associative algebra;

= X :={x1,X2,...} is a countable set;

= F(X) is the free associative algebra over F generated by X.

Definition
An element f(xi,...,x,) of F(X) is a polynomial identity (denoted as f = 0) for A if
f(a1,...,an) =04 for every aj,...,a, € A.

Ais a Pl-algebra if A satisfies a non-trivial polynomial identity f # OFxy.
Set Id(A) :={f | f € F(X), f Pl for A}.
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Examples of Identities

1 Introduction

= A commutative algebra A:

[x1,x2] == x1%0 — x2x1 = 0;
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Examples of Identities

1 Introduction

= A commutative algebra A:

[x1,x2] == x1%0 — x2x1 = 0;

= the algebra of 2 x 2 matrices, My(F):
1. a® — tr(a)a+ det(a)l, = 0, a € My(F),
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Examples of Identities

1 Introduction

= A commutative algebra A:

[x1,x2] == x1%0 — x2x1 = 0;

= the algebra of 2 x 2 matrices, My(F):
1. a® — tr(a)a+ det(a)l, = 0, a € My(F),
2. tr([b,c]) =0, b,c € My(F),
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Examples of Identities

1 Introduction

= A commutative algebra A:

[x1,x2] == x1%0 — x2x1 = 0;

= the algebra of 2 x 2 matrices, My(F):
1. a® — tr(a)a+ det(a)l, = 0, a € My(F),
2. tr([b,c]) =0, b,c € My(F),
[x1, x2]%, x3] = 0 (Hall's identity);
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Examples of Identities

1 Introduction

A commutative algebra A:

[x1,x2] == x1%0 — x2x1 = 0;

the algebra of 2 x 2 matrices, M,(F):
1. a® — tr(a)a+ det(a)l, = 0, a € My(F),
2. tr([b,c]) =0, b,c € My(F),
[x1, x2]%, x3] = 0 (Hall's identity);

the algebra of n x n matrices, M,(F):

Ston(x1, ..., Xon) == Z sgn(0)Xs(1) ** Xo(2m) =0 (Amitsur—Levitzki theorem).
O'ESzn
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Infinite dimensional (non-commutative) Pl-algebra

1 Introduction

Let E be the infinite-dimensional Grassmann algebra
E:=(1f,e1,€,...|eiej = —€jej, Vi, j > 1).
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Infinite dimensional (non-commutative) Pl-algebra

1 Introduction

Let E be the infinite-dimensional Grassmann algebra
E:=(1f,e1,€,...|eiej = —€jej, Vi, j > 1).

= The algebra E has the following decomposition
E=E® g,
EO — spanp{ey ...€,| €N, 1 <ip <+ <y},
E(l) = span,_—{e;l .. .6,'2,+1‘ | € N, 1<ih<--- < I'2/+1};
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Infinite dimensional (non-commutative) Pl-algebra

1 Introduction

Let E be the infinite-dimensional Grassmann algebra
E:=(1f,e1,€,...|eiej = —€jej, Vi, j > 1).

= The algebra E has the following decomposition
E=E® g,
EO — spanp{ey ...€,| €N, 1 <ip <+ <y},
E(l) = span,_—{e;l .. .6,'2,+1‘ | € N, 1<ih<--- < I'2/+1};

» [[x1, x2], x3] is a polynomial identity for E.
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Historical Role of Pl-theory |

1 Introduction

Kurosh Problem

Is every algebraic algebra locally finite? X

Bounded Kurosh Problem

Is every algebra in which each element is the root of some non-trivial polynomial of
some fixed degree n locally finite?

Can we find a stronger result?
Note: If A satisfies the hypotheses of the Bounded Kurosh Problem, then A satisfies a
polynomial identity.

Pl Kurosh Problem

Is every algebraic algebra which satisfies a polynomial identity locally finite?
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Historical Role of Pl-theory II

1 Introduction

Malcev Problem

Find necessary and sufficient conditions for which a ring R can be embedded into a
matrix algebra M,(B), over some commutative ring B.
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Historical Role of Pl-theory Il

1 Introduction

Malcev Problem

Find necessary and sufficient conditions for which a ring R can be embedded into a
matrix algebra M,(B), over some commutative ring B.

Example: F(xi,...,Xp) cannot be embedded in any matrix algebra (Malcev).
In fact, it does not satisfy any polynomial identity, while matrix algebras are
Pl-algebras.
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Historical Role of Pl-theory Il

1 Introduction

Malcev Problem

Find necessary and sufficient conditions for which a ring R can be embedded into a
matrix algebra M,(B), over some commutative ring B.

Example: F(xi,...,Xp) cannot be embedded in any matrix algebra (Malcev).
In fact, it does not satisfy any polynomial identity, while matrix algebras are
Pl-algebras.

Fact: There exist algebras satisfying all the polynomial identities of matrices that
cannot be embedded in a matrix algebra.
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Finiteness Problem

1 Introduction

|d(M2(F)) D) {[[Xl, X2]2,X3], St4(X1,X2,X3,X4)}.
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Finiteness Problem

1 Introduction

|d(M2(F)): <[[X1, X2]2, X3], 51‘4(X17 X2, X3, X4)>T.
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Finiteness Problem

1 Introduction

|d(M2(F)): <[[X1, X2]2, X3], 51‘4(X17 X2, X3, X4)>T.

Kemer’s Theorem, 1987 (Specht’s Problem, 1950)
Char F=0, A is a Pl-algebra = Id(A) is finitely generated as a T-ideal.
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Finiteness Problem

1 Introduction

Id(M2(F))= ([[x1, x2]?, x3], Sta(x1, x2, X3, xa)) T
Kemer’s Theorem, 1987 (Specht’s Problem, 1950)

Char F=0, A is a Pl-algebra = Id(A) is finitely generated as a T-ideal.

Open Problem
[d(M,(F))={(?)1,n>2
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Let’s change perspective
2 Trace ldentities

Let us come back to the algebra of 2 x 2 matrices, Ma(F). Let a € My(F) :
= 2% —tr(a)a+ det(a)l =0 (Cayley-Hamilton Theorem),
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Let’s change perspective
2 Trace ldentities

Let us come back to the algebra of 2 x 2 matrices, Ma(F). Let a € My(F) :
= 2% —tr(a)a+ det(a)l =0 (Cayley-Hamilton Theorem),
» det(a) = 3(tr(a)? — tr(a?)),
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Let’s change perspective
2 Trace ldentities

Let us come back to the algebra of 2 x 2 matrices, Ma(F). Let a € My(F) :
= 2% —tr(a)a+ det(a)l =0 (Cayley-Hamilton Theorem),
» det(a) = 3(tr(a)? — tr(a?)),
» 22 —tr(a)a+ i(tr(a)® —tr(a®)) = 0.
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Let’s change perspective
2 Trace ldentities

Let us come back to the algebra of 2 x 2 matrices, Ma(F). Let a € My(F) :
= 2% —tr(a)a+ det(a)l =0 (Cayley-Hamilton Theorem),
» det(a) = 3(tr(a)? — tr(a?)),
» 22 —tr(a)a+ i(tr(a)® —tr(a®)) = 0.

If we add a formal symbol Tr to the set of polynomials F(X):

x2 — Tr(x)x + %(Tr(x)2 — Tr(x?)) = 0 in My(F).
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Algebras with Traces and Trace ldentities
2 Trace ldentities

Definition
An algebra with trace (A, tr) is an F-algebra A endowed with a linear map tr: A — F

such that, for every a, b € A,
tr(ab) = tr(ba).
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Algebras with Traces and Trace ldentities
2 Trace ldentities

Definition
An algebra with trace (A, tr) is an F-algebra A endowed with a linear map tr: A — F
such that, for every a, b € A,
tr(ab) = tr(ba).
» If tis a trace on M,(F), then

t = at;, a € F, where t; is the usual trace.
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Algebras with Traces and Trace ldentities
2 Trace ldentities

Definition
An algebra with trace (A, tr) is an F-algebra A endowed with a linear map tr: A — F
such that, for every a, b € A,
tr(ab) = tr(ba).
» If tis a trace on M,(F), then

t = at;, a € F, where t; is the usual trace.

= |f tis a trace on the algebra D, of n x n diagonal matrices, then there exist
scalars aq, ..., o, € F such that, if a = diag(ai1,...,ann) € Dy, then

t(a) = awai + - + anann
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Algebras with Traces and Trace ldentities
2 Trace ldentities

Definition
An algebra with trace (A, tr) is an F-algebra A endowed with a linear map tr: A — F
such that, for every a, b € A,
tr(ab) = tr(ba).
» If tis a trace on M,(F), then

t = at;, a € F, where t; is the usual trace.

= |f tis a trace on the algebra D, of n x n diagonal matrices, then there exist
scalars aq, ..., o, € F such that, if a = diag(ai1,...,ann) € Dy, then

t(a) = a1a11 + -+ + apann = tay,.a,(a)-
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Trace Polynomials
2 Trace ldentities

F(X,Tr) denotes the set of trace polynomials, i.e., it is the algebra generated by F(X)
and the set of central variables Tr(M) for every monomial M, subject to the conditions

Tr(MN) = Tr(NM), Tr(Tr(M)N) = Tr(M) Tr(N).
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Trace Polynomials
2 Trace ldentities

F(X,Tr) denotes the set of trace polynomials, i.e., it is the algebra generated by F(X)
and the set of central variables Tr(M) for every monomial M, subject to the conditions

Tr(MN) = Tr(NM), Tr(Tr(M)N) = Tr(M) Tr(N).

Examples of polynomials: x1 Tr(x2x3) + x3 Tr(x2) Tr(x1), X xox3 + Tr(x1x2x3%2).
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Trace Polynomials
2 Trace ldentities

F(X,Tr) denotes the set of trace polynomials, i.e., it is the algebra generated by F(X)
and the set of central variables Tr(M) for every monomial M, subject to the conditions

Tr(MN) = Tr(NM), Tr(Tr(M)N) = Tr(M) Tr(N).
Examples of polynomials: x1 Tr(x2x3) + x3 Tr(x2) Tr(x1), xZxox3 + Tr(x1x2x3%2).
Definition

f(x1,...,xn, Tr) € F(X, Tr) is a trace identity of (A, tr) if, after substituting the x;'s
with arbitrary elements a; € A and the formal trace Tr with tr, we obtain 0.

Id*"(A) denotes the set of trace identities of A, IdP"(A) denotes the set of pure
trace identities, namely identities in which all variables appear inside traces.
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Trace ldentities in Matrix Algebras
2 Trace ldentities

We have already noticed that x> — Tr(x)x + 3(Tr(x)? — Tr(x?)) = 0 on (Ma(F), t1).
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Trace ldentities in Matrix Algebras
2 Trace ldentities

We have already noticed that x> — Tr(x)x + 3(Tr(x)? — Tr(x?)) = 0 on (Ma(F), t1).

Cayley-Hamilton Polynomial

For every n > 2, we can define a polynomial C,(x, Tr) that can be obtained from the
Cayley-Hamilton theorem and such that

Cn(x, Tr) =0 on (M,(F), t1).
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Trace ldentities in Matrix Algebras
2 Trace ldentities

We have already noticed that x> — Tr(x)x + 3(Tr(x)? — Tr(x?)) = 0 on (Ma(F), t1).

Cayley-Hamilton Polynomial

For every n > 2, we can define a polynomial C,(x, Tr) that can be obtained from the
Cayley-Hamilton theorem and such that

Cn(x, Tr) =0 on (M,(F), t1).

Theorem (C. Procesi 1976, Ju. P. Razmyslov 1974)
Id" (M, (F), t1) = (Ca(x, Tr)) 1.
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Proportional traces
2 Trace ldentities

Let « € F\ {0} and consider a monomial m with s traces in it. Define

0o F(X,Tr) = F(X,Tr), m—a °m.

(A. Giambruno, A. loppolo, D. La Mattina, 2023)

Consider (A, t) and the corresponding algebra (A, t,) with proportional trace, namely
t, = at. Then
feld(At) < pa(f) € Id"(A, t).

Corollary: Id" (Ms(F), ta) = (pa(Ca(x,Tr))).
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Motivations
2 Trace ldentities

Why study “algebras with trace” and “trace identities"?
= To obtain information on (ordinary) identities;

= Connections with “Embedding Problems".

Malcev Problem

Find necessary and sufficient conditions for which a ring R can be embedded into a
matrix algebra M,(B), over some commutative ring B.
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Motivations
2 Trace ldentities

Why study “algebras with trace” and “trace identities"?
= To obtain information on (ordinary) identities;

= Connections with “Embedding Problems".

Malcev Problem

Find necessary and sufficient conditions for which a ring R can be embedded into a
matrix algebra M,(B), over some commutative ring B.

Theorem [C. Procesi]

An algebra with trace A satisfies a formal Cayley—Hamilton polynomial of degree n if,
and only if, it can be embedded in n X n matrices over a commutative algebra.
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Some Tools
2 Trace ldentities

Definition
= 1d"(A) is completely determined by {MT,N1d"(A)},>1, where MT,, denotes the
vector space of muItiIinear trace polynomial of degree n. eg. x Tr(oxs), xs Tr(x) Tr(x1) € MT;

tr —d;
= ¢ (A) =dimg m is called n-th trace codimension of A.
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Some Tools

2 Trace ldentities

Definition
= 1d"(A) is completely determined by {MT,N1d"(A)},>1, where MT,, denotes the
vector space of multilinear trace polynomial of degree n. Eg x Trox), x Triw) Tr(a) € MTs
= c(A) =dimg Wm’m is called n-th trace codimension of A.

n

Theorem [A. Giambruno, A. loppolo, D. La Mattina, 2022]
Let A= A + J be a finite-dimensional unitary algebra with trace tr and let tr(J) = 0.

The trace exponent of A
exp™(A) = lim {/ctr(A)

n—oo

exists and it is an integer.

13/20 Elena Pascucci | From Cayley-Hamilton to Trace ldentities: New Insights into Upper Triangular Matrices


mailto:elena.pascucci@uniroma1.it

State of Art about Trace ldentities

2 Trace ldentities

= 1d¥"(M,(F)) fully described (C. Procesi, Ju. P. Razmyslov) v/
» Id"(Dy(F)) fully described and Id"(D,(F)) with partial results (A. Berele, A.
Giambruno, A. loppolo, P. Koshlukov, D. La Mattina) v

= Let UT, be the algebra of n x n upper triangular matrices over the field F.
Id¥ (UTH(F)) fully described with usual trace (A. Berele) v/
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State of Art about Trace ldentities

2 Trace ldentities

= 1d¥"(M,(F)) fully described (C. Procesi, Ju. P. Razmyslov) v/

» Id"(Dy(F)) fully described and Id"(D,(F)) with partial results (A. Berele, A.
Giambruno, A. loppolo, P. Koshlukov, D. La Mattina) v

= Let UT, be the algebra of n x n upper triangular matrices over the field F.
Id¥ (UTH(F)) fully described with usual trace (A. Berele) v/

)
» 1d"(UT,(F)) with other traces...
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Some Identities on UT,(F)
3 Upper Triangular Matrix Algebras

Theorem [Y. N. Mal’tsev, 1971]

Id(UTn(F)) = ([x1, x][x3, xa] - - - [x2n—1, X2n]) -
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Some Identities on UT,(F)
3 Upper Triangular Matrix Algebras

Theorem [Y. N. Mal’tsev, 1971]
Id(UTn(F)) = ([x1, x][x3, xa] - - - [x2n—1, X2n]) -

Theorem [A. Berele, 1996]
Let t; be the usual trace, then Id"((UT,(F), t1) is generated by
1. Tr(xi[x2, x3]),
2. [x1,x2][x3, xa] - - - [x2n—1, X2n],
3. Ca(x,Tr),
4. n—1 trace polynomials that can be thought as interpolating between 2. and 3.
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Traces on UT,(F)

3 Upper Triangular Matrix Algebras

Remark

UT, = Dn+ J, where J =spang{e; | 1 <i < j < n}. In particular, if tr is a trace on
the algebra UT,, then tr vanishes on J.

Proposition [A. loppolo, E.P]
Let tr be a trace on UT,(F). Then there exist o, ..., € F such that tr =t q,.
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Traces on UT,(F)

3 Upper Triangular Matrix Algebras

Remark

UT, = Dn+ J, where J =spang{e; | 1 <i < j < n}. In particular, if tr is a trace on
the algebra UT,, then tr vanishes on J.

Proposition [A. loppolo, E.P]
Let tr be a trace on UT,(F). Then there exist o, ..., € F such that tr =t q,.

Proposition [A. loppolo, E.P]

Idptr(Dm tal,..,,an) — Idptr(UTm tal,...,an)-
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UT, with Weak-degenerate Traces
3 Upper Triangular Matrix Algebras

Theorem [A. loppolo, E.P]

Assume that a; = 0, for some i € {1,...,n}. Then, every trace identity of
(UT,(F), ta,,....an), that is not a consequence of the commutator [xi, x2], is a
consequence of pure trace identities.
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Trace ldentities and Trace Codimensions for UT,
3 Upper Triangular Matrix Algebras

Theorems [A. loppolo, E.P]
Let a, 8 #0, o # 3,
1. ¢"(UTy, tan) =27 +21(n— 2) + 1.
2. IdTr(UTz7 ta,0) = ([x1, x2][x3, xa], Tr(x1) Tr(x2) — a Tr(xax2), (Tr(x1) — ax1)[x2, x3]) 77
Furthermore,
" (UTa, tao) =2"+2""Hn—2) + 1.
3. 1d™(UTy, t, p) is generated by:
[x1, %2][x3, xa], Tr(x1)[x2, x3] — axi[x2, x3] — B[x2, x3]x1,
Tr([X17X2]X3), 6& - f5) ﬂl + Oé,B[Xz, [Xla X3]]a

where 1d"(Da, to.5) = {([x1, x2], fa, fs) 7. Furthermore,
" (UTa, tap) =2""Hn—2) + 2" — p.
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Pure Trace ldentities for UT,
3 Upper Triangular Matrix Algebras

Theorems [A. loppolo, E.P]
Let o, B#0, a # B,
L. 1dP"(UTy, ta,a) is generated by Tr(xi[x2, x3]), Tr(¢a(Ca(x1,x2, Tr))x3) and
P (UTa, tan) =2" 1
2. 1dP"(UTa, ta,0) is generated by Tr(x1) Tr(x2) — a Tr(x1x2) and

C,Etr(UTg, ta,O) =1.

3. 1dP"(UTa, ta ) is generated by: Tr(xi[x2,x3]), Tr(faxa), Tr(fsxa), and

(U, ta,5) =2" — n.
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Thank you for listening!
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