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Framework

Take n,r > 1 two integers.




Framework

Take ¢ > 1 an other integer, and s € (Z/{Z)".
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| - Gieseker space

From n,r > 1.

Denote by
e Rep(Qs,n,7) := My(C)? @ Hom(C",C") @ Hom(C", C") is symplectic.
 GL,(C) ~ Rep(Qe,n,7): g.(A, B,v,w) = (9Ag~", gBg~", gv,wg ™).

Rep(Qe,n,7) — M,,(C)

e Momentum map pg, : (A,B,v,w) +~ AB-BA+wvw '’



| - Gieseker space

e The Gieseker space is:

g(n’ T) = :uéi (0) //det GLn(C)
o~ ,uéi (0)det=ss / GL, (C).

Facts:
e The Gieseker space is a smooth algebraic variety of dimension 2nr.
e It is equipped with a GLg(C) x GL,(C)-action:

@P) (A, B,v,w) := (aA + bB, cA+ dB,vh™", det(g)hw),

(¢ )
where g = e d)



| - Gieseker space

With £ > 1 and s € (Z/(Z)"

Let Iy := <<%f 4?1> ,diag(CS!, ..., ")) < GLy(C) x GL,(C).

Question: What do irreducible components of G(n, ) look like?

Answer: Nakajima quiver varieties over the following quiver:

)
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Il - Ariki-Koike algebra

Let Hy, (¢, s) := specialisation of the Hecke algebra of G(r,1,n) := (Z/rZ)" x &,, at
CeY C51”"7 ;T'

Facts:
(e) The C-algebra H,, (¢, s) is of dimension n!r"™ (and is not semisimple).

(e) Krull-Schmidt theorem implies that there is a unique (up to permutation)
decomposition into indecomposable two-sided ideals:

/Hnﬂn(& 8) =B %---& By;.

Each B; is called a block of the Ariki-Koike algebra and

blocks control the representation theory of #,, , (¢, s).



1l - Algebraic combinatorics
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1l - Algebraic combinatorics

Notation:
— A= M2 2N 20 Fnie N =0\ =0

— A= (LN N Eenie (A i=300 [A = n. Let PL = {\* k. n}.

— Resy: P! X (ZJHZ)" — Q.
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1l - Algebraic combinatorics

Hnr(€,s) is a cellular algebra [GL96].
= Cell modules called Specht modules: {S** | \* € P!}

Remark
These modules are special because:

e All composition factors of S** are in the same block,

e simple modules of H,, (£, s) are given by S** /rad(S*") # 0.

Question: When are S** and S** in the same block of H,, (¢, s)?
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1l - Algebraic combinatorics

Answer: Exactly when Resy(A®, s) = Res;(u®, s) [LMO7].
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1l - Algebraic combinatorics

Let 7 := Ty x T, < GLy(C) x GL,(C)
G(n,r)" & Pr.  [NakYo]

Question: In which I.C. of G(n, )" is the T-fixed point indexed by \* € P?
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1l - Algebraic combinatorics

Answer: In the |.C. indexed by Res;(A®, s).
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1l - Algebraic combinatorics

Definition
e (-core of a partition: £ =4, A = (3,3,3) ~ (1).

e /-multicore is a multipartition A\® such that each partition A’ is an ¢-core.
e (-core of a charged multipartition (\®,s) ~ (v°,5).

e (-core block ([Fay07]) is a block of H,, (¢, s) containing only ¢-multicores.
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1l - Algebraic combinatorics

Theorem ([Pae3))
Let B be a block of H, (¢, s).

The dimension parameter d of the I.C. of G(n,r)"s associated with B controls
whenever B is an {-core block.

Moreover from d, it is possible to determine the multicharge s’ of the {-core of any
multipartition in B.
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Conclusion

— KLR algebras are graded algebras that were independently introduced by
Khovanov—-Lauda and Rouquier.

— An important feature is that they categorify the positive part of quantised
Kac-Moody algebras.

— Cyclotomic KLR algebras are finite dimensional quotients of KLR algebras.

— In [BKQ9], it is proven that blocks of Ariki-Koike algebras are isomorphic to blocks
of cyclotomic KLR algebras in type A. Cyclotomic KLR algebras can be defined
for quivers of type D and FE.

Question: Do the connections between fixed points in the Gieseker space and blocks
of cyclotomic KLR algebras extend to type D and E7?
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